Introduction and Main Results
We assume that the reader is familiar with the usual notations and basic results of the Nevanlinna theory 1-3 . Let now f z be a nonconstant meromorphic function in the complex plane. We remark that ρ f will be used to denote the order of f, and ρ f lim sup
We now recall some previous results concerning nonhomogeneous linear differential equations of type
where A j j 0, 1, . . . , k − 1 and A 0 / ≡ 0, H / ≡ 0 are entire functions of finite-order, k ≥ 2. In the case that the coefficients A j j 0, 1, . . . , k−1 are polynomials, growth properties of solutions of 1.2 have been extensively studied, see, for example, 4 . In 1.2 , if p is the largest integer such that A p is transcendental, it is well known that there exist at most p linearly independent finite-order solutions of the corresponding homogeneous equation
Thus, when at least one of the coefficients A j is transcendental, most of the solutions of 1 In this paper, we continue to consider 1.2 in the case when ρ H < max{ρ A j j 0, . . . , k }. Recently, Tu and Yi investigated the growth of solutions of 1.3 when most coefficients have the same order, see 8 . We next prove two results of 1.2 , which generalize Theorems 2 and 4 in 8 and Theorem 1.1 in 7 .
Theorem 1.3. Suppose that A j z
h j z e P j z j 0, . . . , k − 1 where P j z a jn z n · · · a j0 are polynomials with degree n ≥ 1, h j z are entire functions of order less than n, not all vanishing, and H z / ≡ 0 is an entire function of order less than n. If a jn j 0, . . . , k − 1 are distinct complex numbers, then every solution of 1.2 is of infinite-order. Theorem 1.4. Suppose that A j z h j z e P j z j 0, . . . , k − 1 where P j z a jn z n · · · a j0 are polynomials with degree n ≥ 1, h j z and H z / ≡ 0 are entire functions of order less than n. Moreover, suppose that there are two coefficients A s , A l so that for a sn |a sn |e iθ s and a ln |a ln |e iθ l , where 0 ≤ s < l ≤ k − 1, θ s , θ l ∈ 0, 2π , θ s / ≡ θ l , h s h l / ≡ 0, and for all j / ≡ s, l, a jn satisfies either a jn d j a sn 0 < d j < 1 or a jn d j a ln 0 < d j < 1 . Then every transcendental solution of 1.2 is of infinite-order.
In the case when A j z h j e a j z g j where h j , g j j 0, . . . , k − 1 are polynomials, Chen considered the growth of solutions of 1.3 with some additional conditions imposed upon on a j , see 9 . Our last results generalizes his result and 7, Theorem 1.3 . Theorem 1.5. Suppose that A j z h j z e P j z g j z j 0, . . . , k − 1 where P j z a jn z n · · · a j0 are polynomials with degree n ≥ 1, h j z , g j z and H z / ≡ 0 are entire functions of order less than n. Moreover, suppose that there exist a sn d s e iϕ and a ln −d l e iϕ with d s > 0, d l > 0 and 0 ≤ s < l ≤ k − 1 such that for j / s, l, a jn d j e iϕ d j ≥ 0 or a jn −d j e iϕ d j ≥ 0 , and for some finite β. Therefore, N r, 1/f must be of infinite-order.
Preliminary Lemmas
. . , f n z n ≥ 2 are meromorphic functions and g 1 z , g 2 z , . . . , g n z are entire functions satisfying the following conditions:
i n j 1 f j z e g j z ≡ 0, ii g j z − g k z are not constants for 1 ≤ j < k ≤ n,
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where E is a set with finite linear measure.
Then f j ≡ 0 j 1, 2, . . . , n .
. . , f n z n ≥ 2 are linearly independent meromorphic functions satisfying the following identity:
n j 1 f j ≡ 1.
2.2
Then for 1 ≤ j ≤ n, one has
E is a set with finite linear measure. Lemma 2.3 see 11, 12 . Suppose that P z α iβ z n · · · (α, β are real numbers, |α| |β| / 0) is a polynomial with degree n ≥ 1, and that A z / ≡ 0 is an entire function with ρ A < n. Set g z A z e P z , z re iθ , δ P, θ α cos nθ − β sin nθ . Then for any given ε > 0, there exists a set H 1 ⊂ 0, 2π of finite linear measure such that for any θ ∈ 0, 2π \ H 1 ∪ H 2 , there is R > 0 such that for |z| r > R, one has i if δ P, θ > 0, then exp 1 − ε δ P, θ r n < g re iθ < exp 1 ε δ P, θ r n ; 2.5
ii if δ P, θ < 0, then exp 1 ε δ P, θ r n < g re iθ < exp 1 − ε δ P, θ r n , 2.6
where H 2 {θ ∈ 0, 2π ; δ P, θ 0}.
Lemma 2.4 see 13 .
Let f z be a transcendental meromorphic function of finite-order ρ, and let ε > 0 be a given constant. Then there exists a set H ⊂ 1, ∞ that has finite logarithmic measure, such that for all z satisfying |z|/ ∈H ∪ 0, 1 and for all k, j, 0 ≤ j < k, one has
Similarly, there exists a set E ⊂ 0, 2π of linear measure zero such that for all z re iθ with |z| sufficiently large and θ ∈ 0, 2π \ E, and for all k, j, 0 ≤ j < k, the inequality 2.7 holds.
Lemma 2.5. Let f z be an entire function and suppose that
is unbounded on some ray arg z θ with constant ρ > 0. Then there exists an infinite sequence of points z n r n e iθ n 1, 2, . . . , where r n → ∞, such that G z n → ∞ and
as n → ∞.
Proof. The first assertion is trivial. Denoting M r, G, θ max G z : 0 ≤ |z| ≤ r, arg z θ , 2.10
we may take the sequence {z n } in the first assertion so that G z n M r n , G, θ . Since
as n → ∞, we immediately see that
as n → ∞. Using now the same reasoning as in the proof of 14, Lemma 4 , see also 15, Lemma 3.1 , the second assertion 2.9 follows.
Lemma 2.6. Let f z be an entire function with ρ f ρ < ∞. Suppose that there exists a set E ⊂ 0, 2π which has linear measure zero, such that log |f re iθ | ≤ Mr σ for any ray arg z θ ∈ 0, 2π \ E, where M is a positive constant depending on θ, while σ is a positive constant independent of θ. Then ρ f ≤ σ.
Proof. Clearly, we may assume that σ < ρ. Since E has linear measure zero, we may choose θ j ∈ 0, 2π \ E such that 0 ≤ θ 1 < θ 2 < · · · < θ n 1 2π, and
We first treat the sector
where θ 0 σ θ 1 θ 2 /2 and b is a positive constant, to be determined in what follows. Then φ z is a holomorphic inside the sector H 1 . By 2.13 , we have ρ ≤ π/ θ 2 − θ 1 − 1. Therefore,
on the ray arg z θ 1 , and, respectively, 
Proof of Theorem 1.3
Suppose, contrary to the assertion, that f is a solution of 1.2 with ρ f ρ < ∞, then n ≤ ρ. Indeed, if f k H, we may apply Lemma 2.1 to conclude that h s f s ≡ 0 for some s, Abstract and Applied Analysis 7 0 ≤ s ≤ k − 1 such that h s / 0. Then f has to be a polynomial of degree less than s, so H z ≡ 0, a contradiction. Therefore, we may assume that f k / H. By Lemma 2.2, it is easy to see that n ≤ ρ since the exponential functions e P j j 0, 1, . . . , k − 1 are linearly independent. By Lemma 2.3, there is a set E ⊂ 0, 2π of linear measure such that whenever θ ∈ 0, 2π \E, then δ P j , θ / 0 for all 0 ≤ j ≤ k−1 and δ P j −P i , θ / 0 for all i, j with 0 ≤ i < j ≤ k−1. If, moreover, z re iθ has r large enough, then each A j z satisfies either 2.5 or 2.6 . By Lemma 2.4, we may assume, at the same time, that
Since a jn are distinct complex numbers, then for any fixed θ ∈ 0, 2π \ E, there exists exactly one s ∈ {0, . . . , k − 1} such that δ P s , θ δ : max δ P j , θ | j 0, . . . , k − 1 .
3.2
Denoting δ 1 max{δ P j , θ | j / s}, then δ 1 < δ and δ / 0. We now discuss two cases separately.
Case 1. Assume first that δ > 0. By Lemma 2.3, for any given ε with 0 < 3ε < min{ δ − δ 1 /δ, n − ρ H }, we have A s re iθ ≥ exp 1 − ε δr n , A j re iθ ≤ exp 1 ε δ 1 r n ,
3.3
for j / s, provided that r is sufficiently large. We now proceed to show that log f s z |z| ρ H ε 3.4
is bounded on the ray arg z θ. Supposing that this is not the case, then by Lemma 2.5, there is a sequence of points z m r m e iθ , such that r m → ∞, and that 
